Abstract: Periodic binary sequences with the \trinomial property" are considered. Some necessary and su cient conditions for \trinomial pairs" of a nonlinear sequence of period 2 n ? 1 as well as classi cations for trinomial pairs are derived. Complete searches have been done for 3 n 17. All trinomial pairs found on this range are listed.
Introduction
The m-sequences A = fa i g of degree n and period p = 2 n ? 1 are characterized by the \cycle-andadd property": for each , 0 p there is a corresponding 0 , with fa i g + fa i+ g = fa i+ 0 g . Thus, the p cyclic shifts of fa i g together with the zero vector of length p form an n-dimensional subspace of F p 2 , the vector space of all p-component vectors over the two-element eld F 2 . We say that a binary sequence A = fa i g of period p = 2 n ?1 has the trinomial property if there is (at least) one pair of positive integers, and 0 , such that fa i g + fa i+ g = fa i+ 0 g (1) where 0 ; 0 2 n ?1. (Clearly such a sequence has \linear span" 0 if < 0 , and corresponds to the trinomial x 0 + x + 1.) This paper is organized as follows. In Section 2, we give some necessary and su cient conditions for nding trinomial pairs for a nonlinear binary sequence of period p. In Sections 3, we discuss classi cations for trinomial pairs. In Sections 4 and 5, we list all transitive and intransitive trinomial pairs, respectively, on the range 3 n 17 according to the classi cations in Section 3.
Some Necessary and Su cient Conditions
It is known that the sequence fa i g can be written in the following form: a i = f( i ); i = 0; 1; ; (2) where is a primitive element of GF(2 n ) and f(x) is a function from GF(2 n ) to GF(2):
Tr mt 1 ( t x t ); t 2 GF(2 mt )
where m t , which is a factor of n, is the degree of the minimal polynomial of t , and H is a subset of I, the set of coset leaders of the cyclotomic cosets modulo p. Here Otherwise, they are called distinct.
From now on, if ( ; 0 ) is a trinomial pair of the sequence fa i g, we will always assume that is a coset leader modulo p.
Theorem 2 If there is one trinomial pair for the sequence fa i g, then there are at least two distinct trinomial pairs for fa i g.
To prove Theorem 1, we need the following lemma.
Lemma 2 Let ! 6 = 0; 1 and ! 2 GF(2 n ). If ! is a root of F(x), de ned by (6), then
all are roots of F(x). That is, F(x) is symmetric under the Unitary group of six elements, G = fI, S, T, V, W, U g where I is an identity map 2]. In other words, if ! is a root of F(x), then any element in G! = fg(!)jg 2 Gg is a root of F(x).
Proof. Note that since F(1 + x) = F(x), we only need prove the result for T and W in G. Since From Theorem 3, we know that a sequence generated by a sum of ICNL functions has regular trinomial pairs.
For t and 2 I, we de ne two maps on GF(2 n ) as follows, \Add 1 map" : A( ) = 1 + ; \ Power map" : P t ( ) = t :
Notice that P t AP ( ) = (1 + ) t ; (10) AP t P ( ) = 1 + t ; Conjecture 1 For t 2 I and t 6 = 1, if n is a prime, then t = ;. In other words, if n is a prime, then any non-linear binary sequence of period 2 n ? 1 has no trinomial pairs. The validity of this conjecture was veri ed for 3 n 17. I.e., for n = 3; 5; 7; 11; 13, and 17, any nonlinear binary sequence of period p = 2 n ? 1 has no trinomial pairs.
Conjecture 2 (Duality) Let t 6 = r, where t and r are both either in I CNL or in I ICNL . Let ( ; 0 ) and ( ; 0 ) be two pairs. Then ( ; 0 ) 2 t \ r =) t = r ; t 2 \ =) = :
The validity of Conjecture 2 was veri ed for 3 n 17. In this section, we list all transitive trinomial pairs for 3 n 17. For two trinomial pairs ( ; 0 ) and ( 0 ; ), we only list one of them and the rst component is a coset leader modulo p for each pair. This rule also applies to the next section. Note that in Conjecture 2, if t and r are not both CNL or ICNL, Conjecture 2 is still true for n = 8; 9; 12; 15. For n = 16, where the rst counter-examples occurs, we list them separately in Table 9 . For example, from For each n, we list intransitive trinomial pairs for CNL exponents following by ICNL exponents. If exponents whose orders are less n, we will indicate them. For all others, they have order n. 
